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Low-Rank Approximation
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‘( nxXnN . NxX .
Given A¢<R , K, &€20 find ortho QeR™ with

IA-QQUAI < (+IA-A,

Ideally, ()=top K eigenvectors of A, so use Krylov

[Rokhlin et al. '09], [Halko et al. "11], [Drineas Ipsen '19], [Tropp '22], ....




Block Krylov

(ﬂwﬁ“w
1. Pick a start block Jsely
B € [RM) L = block size
2. Build Krylov subspace Compute Ortho.

Basis for cols of X
2= th(H) orth((B 48 -~ 46) <

3. Return a solution
Q=2U; where U “top K eigvecs of ZAAZ

Runtime is O(w*bt) . How should we pick b ?




How should we pick b?

1. Large block size b2K

R]Ch ['ine Of Work [Tropp, Halko, Martinson, Gu, Drineas, Ipsen, Woodruff, ...]

Strong theoretical results for L.R.A. specifically

Gap-Independent Convergence [Musco Musco "15]
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Let 9,.,,= gap between K™ and b+))” eigs ==;

Exponential Convergence [Musco Musco '15]

b>K [Bl:, "’A/OD """"> t: O(l_—' o?(%D sofFices

Let b=K+d, K+5, K+10

G(Y\QK foa'é') time
I‘F 9&(-75 2 0.00!
for b=0(K)




How should we pick b?

2. Small block size b« K

b=| is called "Single Vector Krylov"

Applied Math suggests b= size of eigval clusters
Lack results* for Low-Rank Approximation

Cannot be gap-independent




In practice, b=| often just works well
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A theory/practice gap!




When and why do small block methods
match/outperform large block methods |
for low-rank approximation?

Caveat: Infinite Precision




Main Result

For all b> K

Runtime of Single Vector Kyrlov

1s less than

Runtime of block size b Krylov

If any b2k is fast, then single vector is fast

Up to log dependence on eigengaps




Main Result (Rigorous)

Let g...= smallest gap between any of top K eigs

- min )\i-)\iﬂ
A=l K-l e

Then,
b= converges in 1 "O(%ﬂo;(‘?%.,) : Jﬁ"ﬂog(‘?‘»

For all Q?-K, converges in JFO(E%‘, Qag('@f) *\1%‘:, 909(%))




If some bxK gets exponential convergence,

0(-«5—- K Qoz( 2) v O(ﬁ’% (Kﬁf’g(‘?}_‘:"‘) + Q"?(%)))

Upside: separate K from £

Downside: depends on %,




Key Observation: A Silly Manipulation

Suppose b:l) so for X~ N(0,L)
- or’rh([zs Ax A'x "-Atzé])

Now, repeat some columns

ortllx AxA A Bt Ackfs ~KaA
N N \ ~ 3 )
orthll S, A, s as )

Where 51 -‘-‘[)_( A;_Aﬂg] 1S our Simulated Start Block




b=| Krylov Subspace b=ﬁ Krylov Subspace
for € iterations — for -\ iterations
starting from x ~/\/(O,I) starting from §,

Upside: 1 iteration of single-vec = 1 iteration of block krylov

Downside: gg 1s a bad starting block




Let BGIKMbbe an L-good Starting Matrix. Then, musco Musco 5]
b-K converges in O(Féﬁoa(%)) iterations
b>K converges in O(J};;;Qoa(ﬂf)) iterations

[BL&MN(O)I has L:O(Y\E)
b => Ol fog(2)

[New Result]

St has L-‘O(‘%@‘) {=K=> O(%foa(ﬁ)*é'ﬁoz(%))
LK > Ola ) g hut)




Q: When are single vector methods faster?

A: When some block size achieves exponential convergence.
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Simulated blocks may explain slow-then-fast convergence
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In the paper: Grab bag of more implications

- Beyond b=l

- Smoothed Analysis shatters %.M

- Simplify Fast-Frobenius L.R.A. [Bakshi et al. '22]
- Faster-ish Schatten-norm L.R.A

- Single Vector Subspace Iteration

- Experiments

Any questions?
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